A general expression for the rate of bridge mediated electron transfer reaction is derived which takes into account effects of nuclear dynamics of donor and acceptor complexes as well as those of the bridge. The theory includes treatment of a non-Born-Oppenheimer effect specific for a long distance electron transfer. The derived expression for the rate is designed for applications in numerical studies of long range electron transfer reactions in proteins.
Introduction
Recent experimental measurements of the rates of long-range electron transfer (ET) reactions in proteins by Dutton and Gray and co-workers [1]- [4] and their debate of the role of the protein medium in biological electron transfer have prompted an active development of general theory and computer simulations of such reactions [5] . In this paper we continue our analysis [6] , [7] of the role of the dynamics of the protein medium and other nuclear dynamic effects in biological electron transfer reactions.
Usually, long-range electron transfer reactions are discussed within the framework of general non-adiabatic theory developed originally for "short-range'' reactions [8] , [9] . In this theory the reaction rate is described by the well known semi-classical expression:
Here X and AGO are the standard reorganization energy and driving force of the reaction, and TDA is the coupling of the initial and final electronic states. When applied to long-range reactions this coupling is treated as an effective one, arising due to the presence of the atoms of the protein medium in between the redox centers. These atoms, or the bridge, provide intermediate virtual states for superexchange coupling which make a long-range electronic communication between redox centers possible [lo] , [ll] .
The above expression assumes that electron transfer occurs as a single thermally assisted tunneling jump, when the two electronic states on the donor (D) and acceptor (A) complexes become resonant in the course of thermal fluctuations. The factor l T~~l / f i in the above expression can be interpreted as the transfer rate at the transition state, and the rest of the expression gives simply the fraction of the molecules at the transition state. (The distribution of the energy difference between D and A states is Gaussian, and the transition state in this formulation is a state in which the two levels are within ~T~T D A I from each other).
In such a formulation the long-distance reactions conceptually do not seem to be much different from any other short-range non-adiabatic reactions. The only modification is that TDA now depends on the D-A separation. One can question, however, the limits of the applicability of Eiq. (1.1) to long-range reactions on the grounds that the dynamics of the bridge atoms (i.e., atoms of the protein medium) are not taken into account in it. Furthermore, the above formulation includes some tacit assumptions, which are valid for short-range reactions but are hard to justify for long-range ET. The assumptions of Eq. (1.1) are as follows.
a) The transfer matrix element TDA in a short-range theory is assumed to be some constant independent of the configuration of the system (the Condon approximation). In reactions in proteins, however, electronic coupling TDA is due to quantum mechanical tunneling and therefore TDA strongly depends on the configuration of the protein medium between D and A, as well as on the tunneling energy. In the course of thermal fluctuations, the structure of the protein medium constantly changes, and the D and A levels cross at different energies. That is the transition state of the reaction is not uniquely defined. TDA, therefore, should be expected to be some function of the tunneling energy, as well as configuration of the protein medium. These effects should be taken into accounted in a more detailed theory.
In our previous work [6], [7] , we have shown that dynamics of the atoms in the protein medium result in modification of the conventional theory, in which the possibility of inelastic tunneling, i.e., the energy exchange between the tunneling electron and the protein matrix, is taken into account.
b) The Frank-Condon factors of the quantum vibrational modes of D and A complexes should be included in the rate expression when applied to reactions in proteins. These are so-called quantum nuclear effects (see, e.g., [9] ) in ET. In principle, it is not difficult to make appropriate adjustments in Eq. (1.1) since the standard short-range quantum non-adiabatic theory does include these factors. In long-range transfer, however, the quantum nuclear effects, as we will show, are coupled to variations of electron tunneling energy and therefore a modified treatment is needed. c) Finally, a usual way of evaluating the transfer matrix element TDA in the above expression involves the Born-Oppenheimer (BO) approximation. Again, although this is a valid assumption for small molecular systems, for a long-range ET system this may not be so. The transfer matrix element in this case is defined by a weak overlap of the exponentially small tunneling tails of electronic D and A wave functions, in the region far from both D and A molecular complexes. It has been shown earlier [12] - [15] that in the asymptotic region of the electronic wave functions, the BO approximation breaks down. Although it is difficult to give an exact estimate, for a specific protein, of the largest distance within which the BO approximation holds, it is clear that since there is a finite speed of propagation of the local perturbation of the electronic wave function1 the electrons will follow the motion of the nuclei of D/A complexes adiabatically only within a certain finite distance from the complexes. Beyond this distance the BO approximation is not applicable.
Another argument which leads to the same conclusion, is that within the BO approximation one neglects the non-adiabatic perturbation which results in a small (if electronic terms are well separated) mixing of different electronic states. At the redox sites, i.e., in the core region where the wave function is large (i.e., of the order of unity in atomic units) these corrections are much smaller than the wave function itself and can be safely neglected. However, in the asymptotic region, where the wave function is extremely small, the non-adiabatic corrections can be comparable or even larger than the BO wave function itself.
'A rough estimate would be one interatomic distance, i.e., one to two angstroms, per r = h/V where V , of the order of an eV, is the typical interaction energy. This estimate gives 3A/fs.
It is clear from the above remarks, that long-distance reactions are, in fact, conceptually quite different and much more complex than the short-range ones. Unfortunately it is not known how strongly, in general, experimental rates actually deviate from the prediction of Eq. (l.l), since independent measurements of the electronic coupling, reorganization energy, and the driving force are not available. On the other hand, it is well known that in proteins it is very difficult to observe the inverted region predicted by Eq. (1.1) [ 161.
In this paper, we further develop our analysis of the dynamic effects published earlier [6] , [7] , and present a formulation of the theory of ET rate that addresses the questions mentioned above. We derive an expression for the rate which takes into account both the dependence of the electronic matrix element T D A on the nuclear coordinates of the D and A complexes, and those of the bridge, as well as its dependence on the tunneling energy. We show that the problem of a possible breakdown of the BO approximation can be avoided if a special vibronic basis set is used. In this basis the tunneling energy is not a definite quantity, but rather has a distribution of possible values which are defined by the Frank-Condon factors of D and A complexes.
Although the factors described above have been discussed to some extent in the literature before, no suitable expression for the rate of the reaction that could be used in a numerical analysis has been published. Our goal here is to derive an expression that would be specifically useful for numerical applications. Our general formula is based on the assumption that the electronic coupling matrix element TDA can be evaluated as a function of nuclear coordinates of the system around its equilibrium configuration, and for different tunneling energies. Other ingredients of the new expression are various Frank-Condon factors, standard free energy, classical reorganization energy, and the spectrum of vibrational modes of the protein matrix.
The Rate of Long-Range Electron Transfer

2.1
We begin with a description of the Hamiltonian of the system and the zeroth-order states used in the calculation.
Hamiltonian and the transfer amplitude
The full microscopic Hamiltonian including nuclei is where the terms are: the kinetic energy of the electron, the potential at the donor, bridge, and acceptor sites (these potentials depend on the electronic coordinate T and nuclear coordinates of the respective complexes), and Hnud is the Hamiltonian of free donor, bridge, and acceptor vibrations.
We introduce two sets of exact electronic-vibrational states. The energies and wavefunctions of the states localized at donor, bridge, and acceptor, respectively, satisfy the following equations:
The superscript (0) means that these are the zeroth-order states for the perturbation treatment. The second set represents delocalized states. For these states we have 
I )
Now, we introduce explicit expressions for the zeroth-order functions. The localized D function is written in the form In Eqs. (2.12)-(2.14) subscript z refers to the initial quantum numbers (electron is on the D) and f to the numbers of the final states (electron is on A) whereas numbers with no subscript refer to the virtual states (electron is on the bridge); cu labels the electronic states of the bridge. The energies of these states are
where J's and E'S stand for electronic and vibrational energies, respectively. The electronic energies Jd,ba,a are the minima of the corresponding adiabatic potentials.
Next, the wavefunctions (2.12)-(2.14) are to be inserted into Eq. (2.1 1) and integrated over the electronic coordinates. Let us introduce the following notations for electronic matrix elements as functions of vibrational coordinates: .18), (2.19) , and(2.24) theelectronicamplitudeTD~(E; qd, Qbi qa) is afunction of nuclear coordinates. This is similar to the usual BO approximation except that the meaning of energy E is now different. Namely, in the BO case E is a function of the nuclear configuration whereas in Eqs. 
TDA(E; qdr qb, (?a).
The reaction rate
The reaction rate is given by the Golden rule expression,
(2.26)
where Avi stands for Boltzmann averaging over the initial states. The &function will be written in the form we obtain our formula for the rate:
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With this expression, we have achieved the main goal formulated in the Introduction -the ET rate is now expressed via electronic matrix element TDA (E; qd, qb, 4,) which is a function of tunneling energy E and nuclear coordinates of the system. For proteins the matrix element TDA in this form can be calculated using methods developed recently and described elsewhere (see, e.g., Refs. [ 171- [20] ). In the next section we will discuss Eqs. where summation is over quantum numbers of high-frequency modes. The Franck-Condon factors give the probability for the system to reach a state which is close enough to resonance. The remaining energy difference is covered by the classical low-frequency vibrations. This results in the partial rate ko (AGO + AEd + A&,), which is the Marcus rate with a driving force modified by the energy changes of the high-frequency vibrations on D and A. The factor C (AEd, AE,) = ~T D A (Jd -E * ) /TiAI2 accounts for the fact that the electronic matrix element depends on the vibrational state of the high-frequency modes involved in this particular transition, being equal to unity when such a dependence is negligible as occurs in a short-distance ET. In the above expression A&d and AE, are not independent variables since they approximately satisfy the energy conservation law AGO + AEd + AE, -0. Therefore, C is a function of only one of these energy changes.
Discussion
In this paper we have developed a theory which is designed for calculating the ET rate for a concrete macromolecule with use of a well-developed method of quantum-chemical calculations of the purely electronic tunneling amplitude at a fixed nuclear configuration. Our Eq. (2.25) shows that the full transfer amplitude TQ in the rate expression (2.26) can be represented as a vibrational matrix element of the electronic amplitude, TDA(E; qd, qbl qa), where it is explicitly indicated that the amplitude is a function of donor, bridge, and acceptor nuclear coordinates, as well as the energy of the tunneling electron. This electronic amplitude can be calculated numerically for a particular molecule using, e.g., the methods developed in our group This is a good approximation for strongly coupled nuclear coordinates the motion of which the electron follows adiabatically. Then, the probability of ET is essentially defined by the Franck-Condon factors of these vibrations. As for bridge vibrations, the coupling to them is weak for electron localized on D essentially affects the distance dependence of the ET rate, increasing the rate at long distances with respect to the value obtained with an &-independent ME. Therefore, we expect that in proteins the effect will be significant, too.
In our previous papers [6] and [7] we used the approximation TDA(E; q:iqb, 411) = TkA(E)Sb (qb) i where T j A ( E ) = TDA(E; q:, 0, q t ) and s b ( q b ) is independent of E. (In Refs. [6] and [7] This expression contains contributions from the ki # k f transitions which we referred to as inelastic processes [6] , [7] . Thus, the present formulation allows one to investigate both elastic (ki = k f ) and inelastic ET reactions in biological molecules.
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